INTRODUCTION
The aim of this paper is to extend a result of Schneider on endomorw x phism rings of relative Hopf modules 17, Theorem 3.2 to the case of projective Hopf algebras with bijective antipode, and to show the connection between this extension and several duality theorems for Hopf algebras.
A consequence of this generalization is the following: if H is a co-Frobenius Hopf algebra over the field k, ArB is a Hopf᎐Galois extension Ž . and M is a right A, H -Hopf module, then, considering the usual ring embeddings END M ࠻H * rat : END M ࠻H * : ࠻ H , END M , Ž .
Ž . Ž .
Ž .
A A A *This paper was written while the first author was a member of G.N.S.A.G.A. of the C.N.R. and while the second author was a visiting professor of the C.N.R. at the University of Ferrara.
we have the following description of the image of the smallest ring: there is an algebra isomorphism END M ࠻H * rat , END M и H * rat .
Ž . Ž .
A B w x Also, as a consequence of our result, we get extensions of results of 2, 7, 8 as well as an easy proof for the duality theorems for co-Frobenius Hopf w x algebras from 20 .
The point we want to make is that Schneider's theorem may be found behind virtually all duality theorems for Hopf algebras. w x Ž It was shown in 8 that two results of Ulbrich which combine to give a . duality theorem for finite Hopf algebras are particular cases of a theorem of H.-J. Schneider. In the same paper, a partial infinite dimensional version of Schneider's result was given.
After recalling in the first section some of the results we are going to use or improve, in the second section of this paper we give a full extension Ž . of Schneider's theorem Theorem 2.1 . We derive from it some new duality Ž . theorems Corollary 2.2 involving endomorphism rings of a relative Hopf module, Doi's smash product, and the usual smash product. Another application is Corollary 2.3, describing the situation for Hopf᎐Galois extensions, with emphasis on the case when H is co-Frobenius. From this w x w x we get extensions of the results in 8 and of some results obtained in 7 for the case of graded rings and modules, as well as an interpretation of the big smash product as an endomorphism ring, which extends a similar w x w x one given in 9 . We remark that we are able to prove 8, Proposition 3.7 without assuming that the Weak Structure Theorem holds. w x Recently, Van Daele and Zhang proved in 20 the duality theorems for actions and coactions of co-Frobenius Hopf algebras. The method of proof Ž . uses a Morita context associated with the co action of a multiplier Hopf algebra. Our aim in the third section is to use the infinite dimensional version of Schneider's result in order to give a very simple proof for the duality theorems for co-Frobenius Hopf algebras. This section may be read separately from the second section, as we give very simple alternate proofs for the results coming from Theorem 2.5. The important thing is, however, that the role played by Schneider's theorem in these duality theorems is as effective as the one played in the duality theorem for finite Hopf algebras. 
. We remark that HOM M, N resp. HOM M, N is the rational part 
iii M is a left᎐right H-Hopf module. 
the left H-module structure being the natural one. 
Ž .
Ý Ý x PROPOSITION 1.9 2, Proposition 1.3 . Let t be a nonzero integral of H Ž . co-Frobenius o¨er the field k . Then there is a grouplike element g in H such that Ž .
Ž . i th* s h* g t for all h* g H *;
Ž .
ii tS s g © t, and tS s t £ g.
SCHNEIDER'S RESULT REVISITED
In this section we prove the main result of this paper. It is a complete Ž infinite analogue of Schneider's Theorem 1.1 recall that the Hopf alge-. bras are projective throughout . From this result we deduce immediately Propositions 1.2 and 1.3, as well as several new results, some of them w x extending results from 7 on graded modules and their endomorphism rings.
THEOREM 2.1. Let H be a Hopf algebra with bijecti¨e antipode S, A a right H-comodule algebra
Then the following assertions A A hold:
H Ž . and the right H *-module structure on Hom M m H, N m H is defined as
iii If k is a field and H is co-Frobenius, then
We now compute
and
thus ␣ and ␤ are inverse one to each other. It remains to prove that ␣ is right H *-linear. We have
Ž . 
Ž . Ý

Ž .
ii We show that the restriction of ␤ is an algebra map.
Ž . . Composing this embedding with the isomorphism ␤ from i , we get an embedding
Consequently,
and we find that ␤ ( induces an embedding We now give some consequences of Theorem 2.1. The first one is a new duality theorem for infinite Hopf algebras.
COROLLARY 2.2. Let H be a Hopf algebra with bijecti¨e antipode, A a right H-comodule algebra, and M g M M H which is finitely generated as an
Then the following assertions hold: w x This is, in fact, a version of 11, Proposition 4.1 , which, as remarked in w x w x w x 11 , can also be deduced from 9, 4.5 and 3, 1.18 . What it shows is that Schneider's theorem, in the form of Theorem 2.1, is also present in the proof of the duality theorems for infinite Hopf algebras. In fact, this may w x also be seen in 3 , where the proof of the duality theorem used embeddings in an endomorphism ring. Ž . Ž .
A B
We also ha¨e a ring isomorphism END M ࠻H * rat , END M и H * rat .
Ž . Ž .
A B
. Proof. We know from Corollary 2.3 iv that the map 
APPLICATION TO THE DUALITY THEOREMS FOR
CO-FROBENIUS HOPF ALGEBRAS Throughout this section, H will be a co-Frobenius Hopf algebra over the field k. In this section we show that it is possible to derive the duality theorems for co-Frobenius Hopf algebras from Theorem 2.5.
We remark first that if A is a right H-comodule algebra, then
is an isomorphism of H-comodule algebras. 
and the proof is complete. In order to prove the assertion in the statement it is enough to prove Ž . Ž
. that any f with f h m 1 / 0 and f h m 1 s 0 for j / i is in the rational i j Ž . part; say h g E S . Then it is easy to see that f s f и p .
i The converse inclusion is clear, since for any f and any p , f и p is 0
We have seen how the first duality theorem for co-Frobenius Hopf algebras may be derived from Proposition 3.1. There is yet another, even easier way to prove this duality theorem. We sketch it since it provides a hint on how to attack the second duality theorem. It is based on the following simple sending a࠻h* to a࠻g © h*, it follows that is an isomorphism too.
We move next to the second duality theorem for co-Frobenius Hopf algebra. The sketch of the proof is the following:
.
Step Step III. Take the rational part on both sides of the isomorphism in Step I with respect to the H *-module structure in Step II, and use Corollary 3.7 to get A࠻H * rat ࠻H , END H m A и H * rat .
Ž . Ž .
A Ž .
rat Ž .
rat which shows that END H m A и H * : END H m A ᭪H * . Con-
